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Abstract 

In this paper, we study recurrence and transience of Levy-type processes, that is, Feller pro¬ 
cesses associated with pseudo-differential operators. Since the recurrence property of Levy-type 
processes in dimensions greater than two is vacuous and the recurrence and transience of one¬ 
dimensional Levy-type processes have been very well investigated, in this paper we are focused 
on the two-dimensional case only. In particular, we study perturbations of two-dimensional 
Levy-type processes which do not affect their recurrence and transience properties, we derive 
sufficient conditions for their recurrence and transience in terms of the corresponding Levy mea¬ 
sure and we provide some comparison conditions for the recurrence and transience also in terms 
of the Levy measures. 
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1 Introduction 

Let {{Lt}t>o, ^ d-dimensional, d > 1, Levy process. The process {Lt}t>o is said to be 

recurrent if 

{Lt G Br{x)) dt = oo for all x G and all r > 0, 

and transient if 

P^ {Lt G Br{x)) dt < oo for all x G and all r > 0. 

Here, Br{x) denotes the open ball of radius r > 0 around x G M'^. It is well known that every Levy 
process is either recurrent or transient (see [Sat99, Theorem 35.3]). However, the above definitions 
(characterizations) of the recurrence and transience properties are not practical in most cases. Due 
to the stationarity and independence of the increments, every Levy process {Lt}t>o can be uniquely 




1 


and completely characterized through the characteristic function of a single random variable Lt, 
t > 0, that is, by the famous Levy-Khintchine formula we have 

E^[exp{i(,^, Lt — x)}] = exp{—t > 0, x € 

where the function q : —> C is called the characteristic exponent of the process {Lt}t>o and it 

enjoys the following Levy-Khintchine representation 

qif.) = + + [ (l-exp{i(^,y)}-hi(^,y)lB^(o)(y)) ^ G M"*. 

Here, h G M'^, C is a symmetric non-negative definite d x d matrix and ic{dy) is a cr-hnite Borel 
measure on M'^, the so-called Levy measure, satisfying Jj^dminjl, \y\‘^}i>{y) < oo. Now, by having 
this nice analytical description (characterization) of Levy processes, a more operable characteri¬ 
zation of the recurrence and transience properties has been given by the well-known Chung-Fuchs 
criterion. A Levy process {Lt}t>o is recurrent if, and only if, 

I Re ( —TTT ) df, = oo for some (all) r > 0, 

JBriO) 

(see [Sat99, Corollary 37.6 and Remark 37.7]). As one of the direct consequences of this criterion 
we get that in dimensions greater than two every Levy process is transient (see [Sat99, Theorem 
37.8]). 

The notion of recurrence and transience can also be defined for a broader class of processes. 
Let {{Mt}t>Q, {P^li^giRd) be a d-dimensional, d > 1, Markov process with cadlag sample paths. The 
process {Mt}t>o is called 

(i) -irreducible if there exists a a-finite measure ‘p{dy) on H(M'^) such that whenever ‘p{B) > 0 
we have W{Mt G B)dt > 0 for all x G 

(ii) recurrent if it is (/j-irreducible and if (p{B) > 0 implies f^¥^[Mt G B)dt = oo for all x G 

(hi) transient if it is (/j-irreducible and if there exists a countable covering of with sets {Bj}jQfq C 
H(R'^), such that for each j G N there is a hnite constant Cj > 0 such that ¥^(Mt G Bj)dt < 
Cj holds for all x G R'^. 

Recall that, as in the Levy process case, every yj-irreducible Markov process is either recurrent 
or transient (see [Twe94, Theorem 2.3]). Now, let ({Tt}t>o, {P^lj-gRd) be a d-dimensional, d > 1, 
conservative (that is, F^{Ft G R'^) = 1 for all t > 0 and all x G R'^) Feller process with infinitesimal 
generator If the set of smooth functions with compact support is contained in 

then the operator has the following representation 

Mlc-cx=md)/(x) = - / g(x,0exp{z(^,x)}/(0<iC, 

where /(^) denotes the Fourier transform of /(x) and the function g : R'^ x R'^ —>■ C is called the 
symbol of the operator (process {Ft}t>o) and, for each fixed x G R'^, it is the character¬ 

istic exponent of some Levy process. In particular, it enjoys the (x-dependent) Levy-Khintchine 
representation 

g(x,0 = + \{f.,Cix)^) + [ (l - exp{i(^,?/)} -hi(^,y)lBj(o)(?/)) v{x,dy). 
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Accordingly, a Feller process satisfying the above properties is called a Levy-type process (see Section 
2 for details). Observe that this class of processes contains the class of Levy processes. 

In the sequel, we consider only the so-called open-set irreducible Levy-type processes, that is, 
Levy-type processes whose irreducibility measure is fully supported. An example of such measure 
is the Lebesgue measure, which we denote by \{dy). Clearly, a Levy-type process {Ft}t>o will be 
A-irreducible if F^{Ft € i?) > 0 for all x € and all t > 0 whenever X{B) > 0. In particular, the 
process {Ft}t>o will be A-irreducible if the transition kernel F^{Ft € dy), t > 0, x € possesses 
a strictly positive transition density function. Let us remark that the A-irreducibility of Levy-type 
processes is a very well-studied topic in the literature. We refer the readers to [She91] and [ST97] 
for the case of elliptic diffusion processes, to [KolOO] for the case of a class of pure jump Levy- 
type processes (the so-called stable-like processes), to [BC86], [IshOl], [KM14], [Kul07], [KC99] 
and [Pic96, PiclO] for the case of a class of Levy-type processes obtained as a solution of certain 
jump-type stochastic differential equations and [KS12], [KS13] and [PS15] for the case of general 
Levy-type processes. 

Now, if {Ft}t>o is an open-set irreducible Levy-type process with symbol q{x,^), then, under 
certain additional regularity conditions on the symbol (see conditions (C2) and (C3) in Section 
2), in [Sanl4a] and [SW13] it has been proven that {P)}t>o is recurrent if 


lim inf 

“—^0 Jm .^ 





Sin 


(^) 


sin2 (^4^) 








d^ > —oo 


for all 
and 


a > 0 small enough (see [Sanl5, Proposition 2.5] for further discussion on this condition) 

f di 


IB, 


.(0) sup^^eR'* 


= oo for some r > 0, 


( 1 . 1 ) 


and it 
and 


is transient if sup^-gj^d |Img(x,.^)| < cinf 3 ,g]jjd Keq{x,^) for some 0 < c < 1 and all ^ G 


[ 


< oo 


for some r > 0. 


( 1 . 2 ) 


Again, directly from the above Chung-Fuchs type conditions, in [Sanl4a, Theorem 2.8] it has been 
shown that in dimensions greater than two every Levy-type process (satisfying the above mentioned 
conditions) is transient. 

Due to this, the problem of recurrence and transience of Levy and Levy-type processes reduces to 
the dimensions one and two. In the one-dimensional case this problem has been extensively studied 
in [Sanl4a] and [Sat99]. The main questions regarding the recurrence and transience addressed 
in these references consider a connection with Pruitt indices, problem of perturbations of these 
processes, conditions for the recurrence and transience in terms of the underlying Levy measure 
and problem of comparison for the recurrence and transience also in terms of the Levy measures. 

In this work, we are focused on the same questions as in the one-dimensional case. More 
precisely, in Theorem 3.2, we prove that if {Ft}t>o and {Ft}t>o are two-dimensional Levy-type 
processes with radial (in the co-variable) symbols q{x, ^) and q{x, and Levy measures u{x, dy) 
and D{x,dy), respectively, then {Ft}t>o and {Ft}t>o are recurrent or transient at the same time if 
there is a rotation of the plane (orthogonal matrix) R such that 


sup / \yf\v{x,dy) — u{Rx,dy)\<oo. 
xeR^ ./r2 
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Here, \fi{dy)\ denotes the total variation measure of the signed measure y{dy). Note that this result 
automatically implies that the recurrence and transience of Levy-type processes depend only on 
the nature of big jumps of the process. Further, since in general it is not always easy to check the 
Chung-Fuchs type conditions in (1.1) and (1.2), in Theorem 4.4 we give necessary and sufficient 
conditions for the recurrence and transience in terms of the Levy measure. More precisely, under 
the assumption that the corresponding symbol is radial in the co-variable and certain additional 
regularity conditions, we prove that ( 1 . 1 ) is equivalent to 

I p sup / uv{x,B'^{Q))du\ dp = oo for some r > 0, 

V Jo / 

and ( 1 . 2 ) is equivalent to 

( p inf / uu{x, B'^{0))du ) dp < oo for some r > 0. 

V Jo J 

Finally, in Theorem 5.1, we give some comparison conditions for the recurrence and transience by 
comparing “tails” of the Levy measures, that is, we prove that the recurrence of the process with 
the Levy measure with “bigger tail” implies the recurrence of the one with “smaller tail”. Similarly, 
we prove that the transience of the process with the Levy measure with “smaller tail” implies the 
transience of the process with “bigger tail”. 

The remaining part of this paper is organized as follows. In Section 2, we give some preliminaries 
on Levy and Levy-type processes and in Section 3 we discuss perturbations of these processes. In 
Section 4 we derive sufficient conditions for the recurrence and transience in terms of the Levy 
measure and, finally, in Section 5 we give some comparison conditions for the recurrence and 
transience properties also in terms of the Levy measures. 

2 Preliminaries on Levy and Levy-Type Processes 

Let (H, J", {P*} 2 ,giRd,{J'i}i>o,{ 6 'i}t>o,{Mdt>o), denoted by {Mt}t>Q in the sequel, be a Markov 
process with state space (M'^, H(M'^)), where d > 1 and H(M'^) denotes the Borel cr-algebra on 
M'^. A family of linear operators {Pt}t>o on Bi,{W^) (the space of bounded and Borel measurable 
functions), defined by 

Ptf{x) := E"[/(Mi)], t>0, x€R^, f€ Bb{R^), 

is associated with the process {Mt}t>o- Since {Mt}t>o is a Markov process, the family {Pt}t>o 
forms a semigroup of linear operators on the Banach space {Bi,{W^), || • ||cxd), that is, PgO P^ = Pg^t 
and Pq = I for all > 0 . Here, 11 • | |oo denotes the supremum norm on the space Hfe(M'^). Moreover, 
the semigroup {Pt)t>o is contractive, that is, ||Ht/||oo < I I/I loo for all t > 0 and all / G ilb(M'^), 
and positivity preserving, that is, Ptf > 0 for all t > 0 and all / € Bi){M.'^) satisfying / > 0. The 
infinitesimal generator [Ah,VAb) of semigroup {Pt}t>o (or of the process {Mt}t>o) is a linear 
operator Ab ■ Pai, —^ Bb{W^) defined by 

Abf ■■= lim ^ , f £ Vai, := {/ G ■ Hm ^ exists in 

We call {Ab,PAb) Bb-generator for short. A Markov process {Mt}t>o is said to be a Feller 
process if its corresponding semigroup {Lt}t>o forms a Feller semigroup. This means that the 
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family {Pt}t>o is a semigroup of linear operators on the Banach space (Coo(K'^), || ■ ||oo) and it is 
strongly continuous, that is, 

^limJ|Pt/-/||oo = 0 , f€C^(R^). 

Here, Coo(K'^) denotes the space of continuous functions vanishing at infinity. Note that every Feller 
semigroup {Pt}t>o can be uniquely extended to (see [Sch98a, Section 3]). For notational 

simplicity, we denote this extension again by {Pt}t>o- Also, let us remark that every Feller process 
possesses the strong Markov property and has cadlag sample paths (see [Jac05, Theorems 3.4.19 
and 3.5.14]). Further, in the case of Feller processes, we call := {Ab,VAb hi Coo(K‘^)) the 

Feller generator for short. Note that, in this case, Pa h 6 * 00 ( 1 ^^^) and A{Pa) h Coo(K'^). If the 
Feller generator {A, Pa) of a Feller process {Mt}t>o satisfies: 

(Cl) Cr(K'') C P^, 

then, according to [Cou 66 , Theorem 3.4], is a pseudo-differential operator, that is, it can 

be written in the form 

•^\cg°{Rd)fix) = -[ Q{x,f)ex.p{i{^,x)}f{f)df, ( 2 . 1 ) 

where f{f) := (27r)“'^ denotes the Fourier transform of the function f{x). The 

function q x — > C is called the symbol of the pseudo-differential operator. It is measurable 
and locally bounded in (x,^) and continuous and negative definite as a function of f. Hence, 
by [JacOl, Theorem 3.7.7], the function f 1 — q{x,f) has for each x G the Levy-Khintchine 
representation 

g(x,0 = a(a^) - *(?,b(a:)) + ^(C,C'(x)0 + / (l - exp{i(^,y)} + i(^,y)lB^(o)(y)) i^(x,dy), (2.2) 

^ jRd 

where a{x) is a nonnegative Borel measurable function, b{x) is an M'^-valued Borel measurable 
function, C{x) := (cjj(x))i<jj<rf is a symmetric non-negative definite d x d matrix-valued Borel 
measurable function and ^{x, dy) is a Borel kernel on x H(]R‘^), called the Levy measure, satisfying 

i^(x, { 0 }) = 0 and / min{l, ]yj^}i/(x, dy) < 00 , x € M'^. 

Jr<>- 

The quadruple {a{x),b{x),c{x),n{x,dy)) is called the Levy quadruple of the pseudo-differential 
operator Al(^co(]Rd) (or of the symbol q{x,f)). Let us remark that the local boundedness of q{x,ff) 
implies that for every compact set iF C there exists a finite constant ck > 0 such that 

sup ly(x,OI < Cii-(1ICI^), (2.3) 

xGK 

(see [JacOl, Lemma 3.6.22]). Due to [Sch98b, Lemma 2.1 and Remark 2.2], (2.3) is equivalent to 
the local boundedness of the Levy quadruple, that is, for every compact set iF C we have 

supa(x) -|- sup l&(x)j -t- sup lc(x)j -|- sup / min{l,y^}i/(x,dy) < 00 . 

x^K x^K x^K xGK 

According to the same reference, the global boundedness of the Levy quadruple is equivalent to 
(C2) |ly(-,0lloo < c(l -b j^Ji^) for some finite c > 0 and all f G M'^. 
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In the sequel, we also assume the following condition on the symbol q{x,^): 

(C3) q{x, 0) = a{x) = 0 for all x G 

Let us remark that, according to [BSW13, Theorem 2.34], condition (C3) is closely related to the 
conservativeness property of Namely, is conservative, that is, ¥^{Mt G K'^) = 1 

for all t > 0 and all x G R^, if q{x,^) satisfies (C3) and 

liminf sup sup |g(y,^)|<oo, a; G (2.4) 

^ \y—x\<k\^\<l/2k 

Moreover, due to [Sch98a, Theorem 5.2], under (C2), (C3) is equivalent to the conservativeness 
property of the process {Mt}t>o. Further, note that in the case when the symbol q{x,^) does not 
depend on the variable x G {Mt}t>o becomes a Levy process, that is, a stochastic process with 
stationary and independent increments and cadlag sample paths. Moreover, every Levy process 
is uniquely and completely characterized through its corresponding symbol (see [Sat99, Theorems 
7.10 and 8.1]). According to this, it is not hard to check that every Levy process satisfies conditions 
(Cl), (C2) and (C3) (see [Sat99, Theorem 31.5]). Thus, the class of processes we consider in this 
paper contains a subclass of Levy processes. Let us also remark here that, unlike in the case of 
Levy processes, it is not possible to associate a Feller process to every symbol (see [BSW13] for 
details). Throughout this paper, the symbol {F)}t>o denotes a Feller process satisfying conditions 
(Cl), (C2) and (C3). Such a process is called a Levy-type process. Also, a Levy process is denoted 
by {Lt}t>o. If i'{x,dy) = 0 for all x G M'^, according to [BSW13, Theorem 2.44], {Ft}t>o becomes 
an elliptic diffusion process. Note that this dehnition agrees with the standard dehnition of elliptic 
diffusion processes (see [RWOO]). For more on Levy and Levy-type processes we refer the readers 
to the monographs [Sat99] and [BSW13]. 

3 Perturbations of Levy and Levy-Type Processes 

In this section, we study perturbations of two-dimensional Levy and Levy-type processes which do 
not affect their recurrence and transience properties. We start with the following proposition which 
we will need in the sequel. 

Proposition 3.1. Let {Ft}t>o be a d-dimensional Levy-type process with Feller generator {A,T>jf), 
symbol (?(x,^) and Levy triplet {b{x),C{x),v{x,dy)), and let M be a regular dx d matrix. Then, 
the process {MFt]t>o is also a d-dimensional Levy-type process which is determined by symbol and 
Levy triplet of the form 

qM{x,0 = q{M-^x,M'^i), 

bM{x) = Mb{M-^x) + [ My - lB^^o){My)) u{x,dy), 

jRd- 

Cm(x) = MC{M-^x)M^, 

VM{x,dy) = i'{M~^x,M~^dy), (3.1) 

respectively. Here, denotes the transpose matrix of the matrix M. Further, if {Ft}t>o is 
open-set irreducible, then {MFt}t>o is also open-set irreducible. 

Proof. First, by a straightforward inspection, it is easy to see that {MFt}t>o is a Feller process 
with respect to R^{MFt G dy) := ^^{Ft G M~^dy), t > 0, x G R'^. Next, let us show that 
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{MFt}t>o satisfies (Cl) and that its symbol and Levy triplet are given by the relations in (3.1). 
Since, 

/ f{y)¥UMFt e dy)-fix) = [ /oM(y)P^^''"(Fi € dy)-foM{M-^x), x G R'", / G ^^(R''), 
JRd jRd 


we easily conclude that C'“(R'^) C and AMf{x) = AfoM{M ^x) for x G R'^ and / G C'“(R'^), 
where {Am,T^Am) denotes the Feller generator of {MFt}t>o- Now, according to (2.1), for x G R'^ 
and / G Cc°°(R‘^), 


AMfix) = -[ 

jRd. 

= - [ 

= -|detM-^| f f A d^ 

Js.‘i ^ ' 

= - [ f {i)di, 


which together with (2.2) proves the assertion. Finally, it is straightforward to see that {MFt}t>o 
satisfies the conditions in (C2) and (C3) and that it is open-set irreducible. □ 


Recall that a rotation of the plane for an angle Lp G [0,27r) is a linear mapping : R^ —>■ R^ 
represented by the matrix 

cos If — sin (/? 
sin (/? cos ip 



Clearly, Ftf^ = R~^ = R 2 tt-(p and deti?,^ = 1 for all ip G [0, 27r). A function / : R^ —>■ R is said to 
be radial if, for every x G R^, f{R^px) = /(x) for all ip G [0,27r). In the rest of this section we will 
always assume that the symbol q{x,ff) of a two-dimensional Levy-type process {Ft}t>o is radial in 
the co-variable. In particular, if {b{x),C{x),iy{x,dy)) is the corresponding Levy triplet, then, due 
to [Sat99, Exercise 18.3], 


(i) 6(x) = 0 for all x G R^; 


(ii) C(x) = c(x)/ for some Borel measurable function c : R^ 
identity matrix; 


[0, oo), where I is the 2x2 


(hi) ^{x, dy) = i^(x, R^pdy) for all x G R*^ and all ip G [0, 27r). 

Also, let us remark that this assumption implies that the condition in (1.1) does not depend on r > 0 
(see [Sanl4a, Proposition 2.4]). On the other hand, note that if (1.2) holds for some xq > 0, then it 
also holds for all 0 < r < xq. According to the same reference, if we need complete independence on 
X > 0 in (1.2), it suffices to assume that the function ^ i—inf 3 ,gR 2 yg(x70 is subadditive (that is, 
infa;eR2 V^lixAi +6) < in4eK2 V^ixAi) + in4eiR2 y/oix^ for all 6,6 G The main result 
of this section is the following (see also [Sanl4a] and [Sat99, Section 38] for the one-dimensional 
case). 

Theorem 3.2. Let {Ft}t>o and {Ft}t>o be two-dimensional Levy-type processes with symbols q{x, ^) 
andq{xA) and Levy triplets {0,c{x)I, i'{x,dy)) and {0,c{x)I,i'{x,dy)), respectively. If there exists 
a rotation of the plane R^, ip G [0, 27r), such that 


sup / lyl^li/(x,(iy) - z^(R<^x,dy)| < oo, (3.2) 

Jr2 
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(3.3) 


then q{x,^) satisfies (1.1) if, and only if, q{x,ff) satisfies (1.1). Further, denote 
c :=sup |c(x) - c(i2<^x)| + sup [ \y\'^\u{x,dy) - u{R^x,dy)\. 

If 

I^I^O 

then, under (3.2), q{x,^) satisfies (1.2) if, and only if, q{x,ff) satisfies (1.2). 

Proof. First, observe that, due to Proposition 3.1, v'{RipX,dy) = h'{Rf^_^pX,Rf^_^^dy) is the Levy 
measure of the Levy-type process {R 2 -K-ipFt}t>o- Next, note that (3.2) implies 

sup / \y'^v{x,dy) < oo if, and only if, sup / \y'^h'{x,dy) < oo. 

Jm? Jr2 

Indeed, we have 

/ \y?l{RvX,dy) = I \y\^\v{R^x,dy)-u{x,dy) + u{x,dy)\ 

< \y\'^’^{x,dy) + \y\‘^\n{x,dy) - h{R^x,dy)\, 

JR2 .yR2 

and similarly 

/ \y\‘^i'{x,dy) < / \y\‘^u{R^x,dy) + / \y\^\u{x,dy) - u{R^x,dy)\. 

JR2 Jr 2 yR2 

Now, in the case when 

sup/ \y\‘^n{x,dy) <oo, or, equivalently, sup/ \y\‘^n{x,dy) 
xeK2 Jr2 ./r2 


< oo. 


the assertion of the theorem easily follows from [Sanl4a, Theorem 2.8]. Next, suppose that 


sup 


'‘v{x,dy) = oo or, equivalently, sup / \y\^v{x,dy) = oo 


3;eR2 4 r2 

Then, by using the radiality of the function ^ i—)• q{x,fi) and Fatou’s lemma, we conclude 
sup^eR^g(^ ^ liininf 


l«l^0 ICP I^I^O 

> liminf sup / 
1^1—^0 xeR'* 4 r 


lep 

1 - cos(|C|ei,?/) 


> liminf 
l^l^o 


1 - cos(|C|ei,y) 


n{x,dy) 


n{x,dy) 


>o/ {ei,yfi^{x,dy) 

I yR2 

{ei,yfu{x, dy) + - / {e 2 ,yfn{x, dy) 
4 Jr2 

\y?‘^{x,dy), 


\ 

\ 







where ei and 62 denote the coordinate vectors of Thus, 

lim inf 
l«l^o 


liminf^^^P2i«^^ = oo. 




(3.4) 


Next, we have 

I sup q{x,^) - sup g(a:,OI 

a;eR2 


= I sup q{x,^) - sup q{R^x,^)\ 

< sup |g(x,0 - q{R^x,^)\ 

^ sup \c{x) — c{R^x) \ + sup 


cSM^ 


cSM^ 


/ {I - cos{C, y))i^{x, dy) - {1 - cos{^,y))u{Ry,x,dy) 

J1R2 JM2 


< 


< 


sup lc(x) - c(i2^x)l + sup / {1 - cos{^,y))\u{x,dy) - u{R^x,dy)\ 

^ xeM2 xeM2 Jr 2 

sup lc(x) - c(i2y,x)| + sup / \y\^\u{x,dy)-u{R^x,dy)\ 

^ xeiR2 xeR2 iR2 


= c|eP, (3.5) 

where in the the penultimate step we used the fact that 1 — cosu < v? for all u G M. Finally, (3.4) 
and (3.5) imply 

suPxgR2 g(a:,0 ^ ^ sup,,gR2 q{x, j) - sup,^gR2 g(x, j) ^ ^ 

151^0 sup3,gR2 g(x,0 ISI^o sup3,gR2 g(a:, 0 

which together with the radiality of ^ 1—>■ g(x, ^) proves the first assertion. 

Now, we prove the second assertion. First, as above, 

I inf a(x,0- inf 9(x,0l = | inf a(x,0 - inf 9(i?,^x,0l 

xeR2 a;eR2 a;eR2 xeR2 


< sup \q{x,^) - q{R^x,^)\ 

a;eR2 

<c|Cl". 


(3.6) 


Hence, by (3.3) and (3.6), 


ji^-nf = 1+ liniinf - in^eR^ 0 


inf3.gR2 g(x,0 

> 1 - 


infa;eR2 q{x,0 


i“4eK2 q(a:,?) 

hmmt|g|^o-[^p- 


> 0 , 


and 


,. infa;eR2 9(a;,0 . ,1- infxeR2 g(x, 0 - infxeR2 g(a:, C) 

hm sup —-7—^ = 1 + hm sup-—-7—-r- 

infa;eR2 C^o in46R2g(x,0 

r 

< 1 +- 


lim inf 


l«|- 


mf^gll2 q{x,^) 
>0 pp 


< 2 , 


which proves the desired result. 


□ 
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Note that every two-dimensional Levy process with radial symbol automatically satisfies the 
relation in (3.3). A situation where the perturbation condition in (3.2) trivially holds true is given 
in the following proposition. 

Proposition 3.3. Let {Ft}t>o and {Ft}t>o be two-dimensional Levy-type processes with Levy mea¬ 
sures i'{x,dy) and u{x,dy), respectively. If there exist a rotation of the plane R^, tp G [0,27r), and 
r > 0 such that i>{x,B) = ^{R^pX, B) for all a; G and all B G ;B(M^), B C B^{0), then the 
condition in (3.2) holds true. 


Observe that Proposition 3.3 implies that the recurrence and transience properties of two- 
dimensional Levy-type processes, satisfying the conditions from Theorem 3.2, depend only on big 
jumps, that is, they do not depend on the continuous part of the process and small jumps. In the 
following theorem we slightly generalize Proposition 3.3. 

Theorem 3.4. Let {Ft}t>o and {Ft}t>o be two-dimensional Levy-type processes with symbols q{x, ^) 
and q{x,ff) and Levy triplets {0,c{x)I,i'{x,dy)) and {0,c{x)I,i'{x,dy)), respectively. Assume that 
there exist a rotation of the plane R^, p G [0,27r), and compact set C C such that n{x,B) > 
i'{RpX,B) for all x G and all B G ,B(M^), B C C^. Then, 

(i) if q{x,ff) satisfies (1.1), q{x,f,) also satisfies (1.1). 

(a) if q{x,ff) satisfies (1.2) and q{x,ff) satisfies (3.3), (?(x,^) also satisfies (1.2). 

Proof. First, hx r > 0 large enough such that C C Br{0). Then, by the same reasoning as in the 
proof of Theorem 3.2, we conclude 


sup q{x, 0 = sup q{RpX, ^ < c|^p -F sup / (1 - cos(^, y))n{x, dy), 

xeM 2 Jb^{o) 


where 


Finally, (3.4) implies 


c = 


^ sup c(x} -\- sup / \yfu{x,dy). 
^ a;eR2 JBrpi) 


, sup,,pR 2 g(x, 0 , c|C|2+ sup,,gR 2 /gwQ,(l-cos(C,y))z/(x,(i?/) 

hmsup-^- - —— < hmsup- 


151—S.0 sup,j,gK2 9(a^, 0 151—>0 

< 1 -|- lim sup 


suPa;eR2 q{x,i) 




151—5-0 sup 3 ,gR 2 (?(x,.^) 


= L 


which together with the radiality of ^ —> q{x, ^) proves the first assertion. 

Now, we prove the second assertion. Again, hx r > 0 large enough such that C C 5^(0). By 
the same reasoning as above, we have 


inf o(x, 0 = inf Q(i?<^x ,0 < inf [ {1 - cos{^,y))n{x,dy). 

xeIR2 3;eIR2J^c(o) 
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Thus 


, inf^gK2g(x,n , c|C|2 + in4gR2/^,(o.(l-cos(^,y))i/(x,dy) 

lim sup —- - —— < lim sup- ’’ 


151^0 infxeK2 l^l^o 


infxeR2 <l{x, dy) 


clfP 

< 1 + lim sup —- - —-r 

l^l^o infxeR2 9(a:,0 

<1 + 5 , 

c 


where the constant c is defined in Theorem 3.2. 


□ 


4 Conditions for Recurrence and Transience 


In many cases the Chung-Fuchs type conditions are not practical, that is, it is not always easy 
to compute (appropriately estimate) the integrals appearing in (1.1) and (1.2). According to this, 
in the sequel we derive necessary and sufficient conditions for the recurrence and transience of 
two-dimensional Levy-type processes in terms of the Levy measures. Throughout this section we 
again assume that the symbol q{x,^) of a two-dimensional Levy-type process {Ft}t>o is radial in 
the co-variable. We start this section with the following auxiliary result (see also [Sanl4a] and 
[Sat99, Section 38] for the one-dimensional case). 

Proposition 4.1. Let {Ft}t>o be a two-dimensional Levy-type process with symbol q{x,^) and Levy 
triplet {0,c{x)I,n{x,dy)). Define 


M (x, p, u) := z/ I X, {2np u, 2{n + l)p — u] x M n i?i(0) j , x € p > 0, 0 < u < p. 
Then, 


n=0 


p sup / uM{x,p,u)du\ dp 
a;eR2 Jo / 


= oo for some (all) r > 0 


if, and only if, (1.1) holds true. Further, if 


1 -cos(C, 2 /). 


lim inf inf / - , ^(x, dy) = oo, 




then (1.2) holds true if, and only if. 


-1 


p inf / uM(x, p,u)du dp < oo for some r > 0. 
xeR2 Jo 


(4.1) 


(4.2) 


(4.3) 


Proof. First, due to Theorem 3.2 and Proposition 3.3, without loss of generality, we can assume 
that sup 3 ,gR 2 n{x, i?i(0)) = 0. Next, note that, because of the radiality of the function ^ i—)• q{x, ^), 
the conditions in (1.1) and (1.2) are equivalent to 


and 



for some (all) r > 0 


(4.4) 



< oo 


for some r > 0, 


(4.5) 
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respectively, where q{p) := sup 3 ,g]g 2 q{x,^) and q{p) := inf 3 ,gR 2 q{x,^) for p G [0, oo) and ^ G 
p = |^|. Denote by N{x,u) := v{x, (tt, oo) x M) for x G and m > 0. Then, by following [Sanl4a, 
Theorem 3.7], we have 


^(^>0 - ^c(x)|Cp = [ ( 1 -cos(^,y))i/(x,dy) 

^ Jr'2 

= / (1 - cos(|C|ei,y))z^(x,(iy) 

= 2 [ {1 - cos{\^\ei,y))u{x,dy) 

J (0,oo)xM 

poo 

= 2 / (1 — cos |^|n)d(—A^(x, tt)) 

Jo 

poo 

= 2 |,^| / N{x, u) sin \^\u du 

Jo 


OO 

1^1 


n=0 ' 

CX) 


2 |?| X] L "" ^ ^ ) sin |^|u du 


2|CI {^n,l + In,2 + In,3 + In,4) i * — 1)2, 


n=0 


where in the second step we employed the fact that v{x,dy) is rotationally invariant, in the fifth 
step we nsed the integration by parts formnla and 

r AT f \ . , 

In,i'-= J A/ I X,+ u I sm | 4 |ttdn, 

T i^T { 27rn \ . 1^1 , ( 27rn tt \ . i>i , 

In, 2 '-= J A' ^x,+ uj sm | 4 |'udtt = J A* ^x,- uj sm | 4 |ttdtt. 


In,3 ■ — 


37T 

2 iei 


lei 

. Sir 


27rn 


ICI 


m 


N X, ——h u sin |tt du = — H \ x, — —I" 777 + ** sin |^|n du 


/o 


27rn TT 


lei lei 


T AT f 27rn A . 1^1 , Ar f 27rn 27r \ . 1^, , 

In,i-= N \x,-^+ u\ sm\^\udu = - J A^ ( x,- rt I sm | 4 |rtdn. 

2|CI 


Thus, 


^n,l T In,A — I ly [ X 


I 


2|SI 


I 


2|€l 


In,2 T In,3 — I I' \ X 
Now, by defining 


27rn 27r(n + 1) 

7r(2n + 1) 7 r( 2 n + 1) 


X M sin \^\udu 


lei 


- u, 


lei 


+ U 


X M ) sin 


M(x, p, u) := u ix,\^ ((2n + l)p — u, {2n + l)p + n] x M j , x G M^, p > 0, 0 < u < p, 


n=0 


q{x,0-^cixm^=2\^\ 


m 


TT 


1^1 


2iei / vr 


M X, —, u sin \^\udu + Mix, —, u sin . 


lei 
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Further, note that 


TT 


i^r 


TT 


M X, 777, M > M I X, -r- 7 ,u >0, It G 0, 


and 

Thus 

4,,, I'm 
TT " Jo 
Next, we have 


TT 


ler 


2u / 

— < sinu < u, u G 0, 7- 
vr V 2. 


q{x,^) - kc{x)\^? 


TT 


—1^1 / uM ( X, 777,n ) du < < 4|^| J 


2iei 


1^1 


TT 


uM ( X, u ) du. 


/ [ g sup / uM(x,—,ujdu\ dQ= I p sup / uM{x,p,u) 

Jo V xelR2 Jo \ Q J ) Jr \ a;eR2 Jo 


and 


r ^ r 

Jo \ xSK^ Jq 


TT 


g inf / uM [ x,—,u] du \ dg = / I p inf / uM (x, p, u) du dp, 


-1 

du ) dp 


-1 


a:SR^ Jo 


where we use the change of variables g 1 —vr/p. Thus, (4.1) implies 

pdp 


and 


implies (4.3). Finally, 


1 < liminf 


_ 

Jo sup,j,gffi2 {q{x, (p, 0)) - ^c(x)p2) 

f r pdp 

Jo infa;eR2 {q{x-, (p, 0 )) - \c{x)p^) 
1{P) 


= 00 


< 00 


P^o sup,^gK2 {q{x, (p,0)) - ^c(x)p2) 

q{p) 


< limsup 


p^o SUp,^gK2 {q{x, (p,0)) - ^c(x)p2) 


< lim sup — 

p^O 


< 1 + 


^p^ sup ,,gR2 c(x) + sup,^giR2 (g(x, (p,0)) - 7c(x)p^) 
sup,j;6K2 {q{x, (p,0)) - ^c(x)p2) 

\ sup,^gR2 c(x) 


lim infp^o sup,,gR2 /r 2 dy) 


<1 + 2 - 


suPa,6R2 c(x) 


(4.6) 


^sup,^gR2 ^2 \y\^v{x,dyy 

where in the final step we employed Fatou’s lemma and the fact that z/(x, dy) is rotationally invari¬ 
ant. Analogously, 

q{p) 

P^o (g(x, (p,0)) - lc(x)p2) 

q{p) 


< lim sup 7 

p- 

< 1 + 


p^o infa.gR2 (g(x, (p,0)) - 5c(x)p2) 
i sup,^gR2 c(x) 


liminfp^oin46R2 /r 


l-cos((p,0),^) 


u{x,dy) 


(4.8) 
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Now, the assertion follows from (4.2). 

To prove the converse, first note that 


Hence, 


that is. 


I 


IT / / 2mT 2 (n + l) 7 r 


I 


^ f f 2mT 2(n + l)7r 

UU [ X, [ -TT-. -h u, - — - U 


ICI 


lel 


l«l / ('2mT 2(n + l)7r 

+ / uv [x,\ —h tt,- — - u 


L 


2|5I 

TT 


lei 


lei 


X Mj du 
X du 
X R I dtt 


2n7r 2(n + l)' 7 r 


, ,' 2 iei / /2mT 2 (n + l) 7 r 

+ 4 / uu [ X, { nrr + 2tt,- — - 2u 


i: 


4|CI 


1^1 


lel 


X R 1 du 

X R 1 du 


’ 2 iei / ( 2mT 2(n + l)7r 

< / U U ( X, 1 -TT ,—h u, - — -u 


ICI 


lei 


, , 2 |ei / /2mr 2 (n + l) 7 r 
+ 4 / u z/ X, -j— — h u,- — - u 


4|SI 


1^1 


1^1 


X Rj du 
X R I du 


/‘ 2 |«i / f 2mr 2(n + l) 7 r 

-Vo + -“ 


X R I du. 


J uM fx, u^ du < 5 J uM ( X, —, u ) du. 


ler 




(x, p, u) du 


-1 


dp 



( fl 

Q sup / uM 

y a:eR 2 Jo 




dg 


> 





dg 


and 



where in the first steps we again used the change of variables p i—)• vr/g. Thus, according to (4.2), 
(4.6), (4.7) and (4.8), (4.4) and (4.3) imply (4.1) and (4.5), respectively. □ 

Observe that in the Levy process case the condition in (4.2) is trivially satisfied. As a direct con¬ 
sequence of Proposition 4.1, we get the following characterization of the recurrence and transience 
in terms of the tail behavior of the Levy measures. 
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Theorem 4 . 2 . Let {Ft}t>o be a two-dimensional Levy-type process with symbol q{x,^) and Levy 
measure i'{x,dy). Define 

N {x, u) := V (x, (u, oo) x M), x G u > 0 . 


(4.9) 

(4.10) 

X G all /9 > 0 

□ 

In general, we cannot conclude the equivalence in Theorem 4.2 (see [Sat99, Theorem 38.4]). 
However, if, in addition, we assume the quasi-unimodality of the measure u{x,du x M), x G M^, 
then (4.1) will be equivalent to (4.9) and (4.3) will be equivalent to (4.10). Recall that a symmetric 
Borel measure ii{dx) on B{M.) is quasi-unimodal if there exists xq > 0 such that x i— > fi{x, oo) is 
a convex function on (xo,oo). Equivalently, a symmetric Borel measure fi{dx) on H(M) is quasi- 
unimodal if it is of the form n{dx) = fJ.o{dx) -|- f{x)dx, where the measure fio{dx) is supported on 
[—xo,xo], for some xq > 0, and the density function /(x) is supported on [—xo,xo]'^, it is symmetric 
and decreasing on (xo,oo) and f{x)dx < oo for every e > 0 (see [Sat99, Chapters 5 and 7]). 
When xo = 0, then p{dx) is said to be unimodal. 

Theorem 4.3. Let {Ft}t>o be a two-dimensional Levy-type process with symbol q{x,^) and Levy 
triplet {0, c{x)I, ^{x, dy)). Assume that there exists uq > 1 such that the measure i'{x,du x M) is 
quasi-unimodal with respect to uq for all x G M^. Then, (1.1) holds true if, and only if, (4.9) holds 
true. Further, if, in addition, v{x,dy) satisfies (4.2), then (1.2) holds true if, and only if, (4.10) 
holds true. 


Then, 

roo / rp \ -1 

/ I p sup / uN{x, u)du ) dp = oo for some r > 0 

Jr \ a;eM2 Jq J 

implies (4.1), and (4.3) implies 

f°° f fp \ 

/ ( p inf / uN(x, u)du ) dp < oo for some r > 0. 

Jr \ Jo / 

Proof. The assertion follows directly from the fact N(x,u) > M{x,p,u) for all 
and all 0 < tt < p. 


Proof. According to Theorem 4.2, we only have to prove that (1.1) implies (4.9) and that (4.10) 
implies (1.2). First, we prove that (1.1) implies (4.9). Due to the radiality of the function ^ i —> 
g(x,^), (1.1) is equivalent to 



pdp 

suPa;eR 2 j(x, (p,0)) 


= oo 


for some (all) r > 0. 


(4.11) 


Further, we have 


1 < 

< 

< 


lim inf ■ 


sup„6R2g(x, (p,0)) 


P^o sup^gR2 /r2 (1 - cos((p, 0 ), y))z2(x, dy) 

1-^ _ sup,,gR2g(x,(p,0)) _ 

P^o^ sup,^gR2 /r2(1 - cos{{p, 0 ),y))n{x, dy) 


1 -|- lim sup 


k sup 3 ;eR 2 c(x) 


P^o sup,,gR2 ^2 1 ^°y)’^^ t/(x, dy) 


<1 + 2 


SUP 2 , 6 R 2 c(x) 


sup„6R2/r2 \y\‘^n{x,dy)' 
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which, together with [Sanl4a, Proposition 2.4], yields that (4.11) is equivalent to 

pdp 


rr 

Jo 


0 sup,rgK2 42(l -cos((/3,0),y))z^(x,(i?/) 


= oo for some (all) r > 0. 


(4.12) 


Now, define iy{x,dy) := iy{x,dy (1 x G M^. Obviously, v{x,dy) is rotationally invariant, 

suPa;g]R2 z2(a;,M^) < oo and 


sup / \y\^\v{x,dy)-v{x,dy)\< snp / \y\^v{x,dy) 

J Buq{0) 


< oo. 


Thus, by analogues arguments as in the proof of Theorem 3.2, it is easy to see that (4.12) is 
equivalent to 


L 


pdp 


that is, 


0 sup,^gR2/jj2(l -cos((p,0),y))i/(x,dy) 
pdp 


= oo for some (all) r > 0, 


/ 


SUP3;g]K2 /jg(l — cos pu)l'{x,du X 


= oo for some (all) r > 0. 


(4.13) 


Next, due to [Sanl4a, the proof of Theorem 3.9], for every x € there exists an unimodal 
probability measure puix, du) on B{MJ) such that i>{x, {u, oo) x M) = cpjj{x, {u, oo)) for all x G 
and all u > Uo + 1, where c := c{uo) is an appropriate norming constant. Note that 


sup / u^\u{x,duxR)-c'nuix,du)\ <oo. 
Jr 


According to this, [Sanl4a, Theorem 3.1] implies that (4.13) is equivalent to 

pdp 


L 


0 sup,^gR2 4(1 - cos pu)r]u{x, du) 


= oo for some (all) r > 0. 


(4.14) 


In the sequel we prove that (4.14) implies (4.9). First, since pu{x,du) is unimodal, by [Sat99, 
Exercise 29.21], there exists a random variable such that r]u{x,du) is the distribution of the 
random variable UxXx, where Ux is uniformly distributed random variable on [0,1] independent of 
Xx- Further, let r]{x,du) be the distribution of the random variable Xx- By [Sat99, Lemma 38.6], 
r/(x, (tt, oo)) > r]u{x, (u, oo)) for all x G and all u > 0. Now, we have 


/ (1 — cos pu)r]u{x, du) = 

Jr 

Next, since 


for all u G M and all 0 < c < 


(1 — cos{puv))T]{x,du)dv = 


smu 2i 

1-> cmm|l,u I 

u 


1 - 


sm pu 
pu 


r}{x, du). 


/ {1 — cos pu)r]u{x,du) > c / mm{l, p^u‘^}p{x,du) = Acp^ / uE{x,u)du, 
J'M. Jo 
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where E{x,u) := r]{x, {u,oo)) for x G and w > 0. Set Eu{x,u) := r]u{x, {u,oo)) for x G and 
n > 0. Then, for any r > 0, we have 


/9 sup / uEij{x,u)du 

a;eR2 Jo 


-1 


/■oo / rp \ -1 

dp > ip sup / uE{x, u)du I dp 

Jr V Jq J 


> Ac 


/' 


p sup / uE{x, u)du dp 

, Jo J 

_ ^ _ 

sup,, 6 K 2 4(1 - COS pu)pu{x,du)' 


(4.15) 


Further, 


lim 


suPa;eR2 luo uN{x, u)du 


p^oo sup,^gR 2 4° uEu{x, u)du + 1 sup,^gK2 uN{x, u)du 
suPa;eM 2 4 niV(x, u)du 


< lim inf 

p —>oo 

< lim sup 


p —sup3,g]g2 Jq uEu{x,u)du 
SUPa;gR2 4 uN{x, u)du 
p —>.oo sup3,gR2 JJ uEu{x,u)du 


< lim 

p- ¥00 


sup 3 ;eR 2 4° uN{x, u)du + sup 3 ,gR 2 JJ^ uN{x, u)du 


I sup,^eR 2 4o ^^(^’ 

Now, if sup 3 ,gR 2 JJJ uN{x, u)du = 0 the desired result trivially follows. On the other hand, if 
suPa;gR 2 /4 uN{x, u)du > 0, we have 

. sup,^gR 2 4 . 1 - JouN{x,u)du 

0 < hmmf- pp „ , -^ < hmsup- .p „ , -^ < oo, (4.16) 

p—s-oo sup 3 ,gR 2 Jq uEu{x,u)du p—s-oo sup 3 ,gR 2 jj uEu[x,u)du 

which together with (4.15) proves the assertion. 

Finally, we prove that (4.10) implies (1.2). Due to the radiality of ^ i— q{x,^) and (4.2), by 
completely the same arguments as above. 


4c 


pdp 


< 


fP 

p inf / uEij{x,u)di 
xeR2 Jq 


-1 


dp. 


lo infxeR 2 4(1 - cospu)ry( 7 (x,(iu) 

Now, the desired result follows by a similar argumentation as in (4.16) and employing (4.2). □ 


Note that the measure Z 2 (x, du x M) will be quasi-unimodal uniformly in x G if there exists 
uq > 0 such that u{x,dy) = n(x, \y\)dy on for some Borel function n : x (0, oo) —> 

(0, oo) which is decreasing on {uq, oo) for all x G M^. Also, let us remark that in the Levy process case 
the condition in (4.2) will be satisfied if, and only if, 42 \y\‘^i^{dy) = 00 . Recall that 42 \y\‘^^{dy) < 
00 implies that the underlying Levy process is recurrent (see [Sanl4a, Theorem 2.8]). 

Finally, as a direct consequence of Theorem 4.3, we get the following characterization of the 
recurrence and transience in terms of the tail behavior of the Levy measures. 


Theorem 4.4. Let {Et}t>o be a two-dimensional Levy-type process with Levy measure v{x,dy), 
satisfying the assumptions from Theorem J.3. Then, (1.1) holds true if, and only if. 



-1 

dp = 00 


for some (all) r > 0 , 


(4.17) 
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and (1.2) holds true if, and only if, 


POO / fP \ 

/ ip inf / uu{x,B'r{0))du] dp 

Jr \ a;eR2 Jq ) 


< oo for some r > 0. 


(4.18) 


Proof. The assertion is a direct consequence of the following simple fact 


1 


T^{x, ^^„(0)) < N{x, u) < v{x, B^(0)), X eR^, u > 0. 


□ 


Proposition 4.5. Let {Pt}t>o be o two-dimensional Levy-type process with Levy measure v{x,dy). 
Then, (4.17) holds if 

/ p^ sup u{x, Bp{0)) + p sup / |yp v{x, dy) dp = oo for some r > 0, 

Jr y J Bp{0) j 

and (4.18) holds if 

[ \ p^ inf v{x,Bl{t))) + p inf 

Jr \ xeK2 ^ 


\yf v{x, dy) dp < oo for some r > 0. 


Jbp[o) 

In particular, (4.18) holds if either one of the following conditions holds 


I 


oo / \ ~1 

p^ inf v{x, B^{0)) I dp < oo for some r > 0 


X 


GR2 


or 


/ p inf / \y\^ v{x,dy) dp < oo for some r > 0. 

Jr y a;eR2 JBp{0) J 

In addition, if v{x,dy) is of the form u{x,dy) = n{x, \y\)dy, where n : x (0, oo) —> (0,oo) is a 

Borel function, and there exists uq > 0 such that n{x,u) is decreasing on (uo,oo) for all x G 
then (4.18) holds if 

du 


f 


infxeR2 ri{x, u) 


< oo for some r > uq- 


Proof. By employing the integration by parts formula, for any x € any p > 0 and any 0 < e < p, 
we have 

yz/(x,B;;(0)) + ^ / \y\'^iy{x,dy) 


> 


lBp{0) 

iu 


[ uu{x,B^{0))dz 
Jo 

= J un{x, B!^{0))du-I J un{x, B!^{0))du 
02 


> ^.^(0)) + ^^(0)) - %ov{x, Bim + i 


9^ 

= - V 

2 


{x,B'p{0)) + ^ f \y\‘^nix,dy). 

J JBp(0)nB-(0) 


lBp{0)nB-{0) 


\y\‘^u{x,dy) 
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Now, by letting e 


0, Fatou’s lemma yields 
^2 


/ ui^{x,B^{0))du = + ^ [ \y\‘^ i'{x,dy). 

Jo I I Jbjo) 


( 0 ) 

In order to prove the last assertion, observe that for any r > uq, 

-1 


p inf [ \y\‘^ i/(x,dy)] dp < — [ (p inf [ u^n(x,u)du] dp 

xeM.’^JBpiO) I Jr \ J 


< 


dp 


< c 


Jr P{P‘^ - ul) inf^gR2 n(x, p) 
dp 


f 


P^ infa;eR2 n{x, p) ’ 


where in the second step we employed the fact that n{x, u) is decreasing on (uq, oo) and c > 
is arbitrary. □ 


Observe that from the previous proposition we again conclude that if sup3,gR2 fj ^2 dy) < 

oo, then iy{x,dy) automatically satisfies (4.17). Let us now give some applications of the results 
presented above. 

Example 4.6. Let a : —> (0,2) and /3 : —> (0, oo) be arbitrary bounded and continuously 
differentiable functions with bounded derivatives, such that 0 < inf,j,gR2 a{x) < sup3,gR2 a{x) < 2 
and inf3,gR2 /3{x) > 0. Under this assumptions, in [Bas88], [KolOO, Theorem 5.1] and [SW13, 
Theorem 3.3.] it has been shown that there exists a unique open-set irreducible Levy-type process 
{Ft}t>o, called a (two-dimensional) stable-like process, determined by a Levy triplet and symbol of 
the form (0,0,/3(a;)|?/|“^““^^^(iy) and q{x,^) = 7(®)|^|“^^\ respectively, where 


7 ( 3 :) := /3{x) 


7i-i/2r(l — a{x)/2) 
Q;(a:)2"(^)“^r((a(x) -|- l)/2) ’ 


x € M^. 


Here, r(x) denotes the Gamma function. Note that when a{x) and fJ{x) are constant functions, 
then we deal with a rotationally invariant two-dimensional stable Levy process. Now, by a direct 
application of the Chung-Fuchs type condition in (1.2) we easily see that {Ft}t>o is transient. On 
the other hand, the corresponding Levy measure also satisfies all the assumptions from Theorem 4.4, 
which again implies the transience of {Ft}t>o- For more on stable-like processes and their recurrence 
and transience properties we refer the readers to [Bas88], [Botll], [Fra06, Fra07], [Sanl3], [Sanl4a] 
and [SW13]. 

Example 4.7. Let a, (3 : —> (0,oo) and 7 : — > M be arbitrary bounded and continuous 

functions such that inf3,gR2 a{x) > 0 and inf^, gR2 j3{x) > 0. Define n : x (0, 00) —(0, 00 ) by 


n{x, u) 


^2+a{x) ^{v.v>e}{u. 


Because of the continuity of a{x), f3{x) and 7(0:), without loss of generality, we can assume that 
J ^2 n{x, \y\)dy = 1 for all x € M^. Now, by (a straightforward adaptation of) [Sanl4b, Proposition 
2.9], there exists a unique open-set irreducible Levy-type process {Ft}t>o determined by a Levy 
measure and symbol of the form u{x,dy) := n{x,\y\)dy and q{x,^) := /r 2(1 — cos{^,y))h'(x,dy), 
respectively. Put a := infj,gR2 Q!(x) < sup3,gR2 a(x) =: a, f3 := inf2,gR2/^(x) < sup3,gR2/3(x) =: j3 
and 7 := inf3,gR2 7(3;) < sup,j,gR2 7(x) =: 7. Then, 
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(i) if a > 2 (which automatically implies that sup2,g]jj2 \v\^T^{x,dy) < oo), a direct application 
of the Chung-Fuchs type condition in (1.1) (or Proposition 4.5) entails the recurrence of 

{Ft}t>o- 

(ii) if a < 2, since 

P 

for some 0 < e < 2 — a, all x G and all n > 0 large enough, Theorem 3.2 and Example 4.6 
(or Proposition 4.5) imply that {F)}4>o is transient. 

On the other hand, in order to conclude the recurrence or transience of {Ft}t>o in the cases when 
a = 2 or a = 2, it is not immediately clear how to (explicitly) compute or (appropriately) bound 
its symbol and apply the Chung-Fuchs type conditions. However, since z^(x, dy) obviously satisfies 
all the assumptions of Theorem 4.4, we conclude that 


(iii) if a > 2 and 7 < 0, then 


p sup / uu{x, du\ dp > c{a, [3) / 

Jo ) Jr 


dp 

plnp 


, r>e, 


which entails the recurrence of {Ft}t>o- 

(iv) if a < 2 and 7 > 0, then 


roo / fP \ /■ = 


dp 


pliCiF^ p 


, r>e, 


which implies that {Ft}t>o is transient. 

Example 4.8. Let {Lt}t>o be a Levy process with Levy measure of the form v{dy) = n{\y\)dy, 
where n : (0, 00) —> (0,oo) is a decreasing (on (no,oo) for some uq > 0 ) and regularly varying 

function with index 5 < —2 (that is, lim„_ yoo n{Xu) / n{u) = for all A > 0). Observe that, due 

to [BGT87, Theorem 1.5.11], for any —4 < 6 < —2, 

,. J^(^p(0)) 1 ^ Ib,{0) 1 

lim —= —;-— and hm -— - = —;-—. 

p —s-oo p^n{p) 2 'k{—2 — 5) p —^00 p^n{p) 27r(4 -|- 5) 

Consequently, Proposition 4.5 and [BGT87, Proposition 1.3.6] yield that 

(i) if (^ < —4, then {Lt}t>o is recurrent. 

(ii) if —4 < 5 < —2, then {Lt}t>o is transient. 

(iii) if 5 = —4, then {Lt}t>o is transient if 


r dp 

Jr P^n{p) 


for some r > 0. 
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5 Comparison of Levy and Levy-Type Processes 


In this section, we provide some comparison conditions for the recurrence and transience in terms 
of the Levy measures. Again, we assume that the symbol q{x, of a two-dimensional Levy-type 
process {Ft}t>o is radial in the co-variable. 

Theorem 5.1. Let {Ft}t>o and {Ft}t>o be two-dimensional Levy-type processes with symbols q{x, 
and q{x,^) and Levy measures n{x,dy) and u{x,dy), respectively. Assume that 

(i) v{x,du X R) is quasi-unimodal uniformly in x ^ R^; 

(a) there exists uq > 0 such that v (x, i?^(0)) > v (x, i?^(0)) (orv (x, (u, oo) x R) > (x, {u, oo) x R)J 

for all X € R^ and all u > uq . 


Then, 

implies 


L 


di 


L 


Brio) SUPa,gR2 q{x,f,) 

df 


IBr{0) SUPa,gR2 g(x, 

In addition, if q{x,ff) satisfies (4.2), then 

[ 

JBrio) infxeKg(a:,0 


= oo for all r > 0 


= oo for all r > 0. 


< oo for some r > 0 


implies 


L 


di 


Br(0) infxeRg(a:,0 


< oo for some r > 0. 


Proof. The assertion of the theorem is a direct consequence of Theorems 4.3 and 4.4. 


□ 


Corollary 5.2. Let {Ft}t>o be a two-dimensional Levy-type process with symbol g(x,^) and Levy 
measure n{x,dy). Assume that there exists xq G R^ such that 

(i) sup,j,g]R2 g(x, = g(xo,0 M |^| small enough; 

(a) there exists a two-dimensional Levy process {Lt]t>o with symbol g(^) and Levy measure n{dy), 
such that q{f^) is radial, i>{du x R) is quasi-unimodal and n {x, > v {xq, B!^{0)) (or 

^{{u, oo) X R) > n{xo, {u, oo) x R) j for all u > uq , for some uq > 0. 

Then, the recurrence property of {Lt}t>o implies (1.1). Further, if there exists xq G R^ such that 

(i) inf2,g]jj2 g(x,^) = g(xo,C) 1^1 small enough; 

(a) the measure v{xo,du x R) is quasi-unimodal and Jjg2 \y\'^i^{xo,dy) = oo; 

(Hi) there exists a two-dimensional Levy process {Lt]t>Q with symbol g(^) and Levy measure n{dy), 
such that g(^) is radial and v (xq, l?n(0)) > v (x, B(^{0)) (or n{xo, {u, oo) xR) > v{{u, oo) xR)J 
for all u> Uq, for some uq > 0, 


then the transience property of {Lt}t>o implies (1.2). 

Proof. The claims of the corollary follow directly from [Sat99, Corollary 37.6] and Theorem 5.1. □ 
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Examples of Levy-type processes which satisfy the conditions in Corollary 5.2 can be found in 
the class of Feller processes obtained by variable order subordination. More precisely, let q{^) be 
the symbol of some d-dimensional symmetric Levy process (that is, q{^) = q{—C) for all ^ € M'^), 
and let / : x [0, oo) —y [0, oo) be a measurable function such that sup^, SR'* < c(l -bt) for 

some c > 0 and all t G [0, oo) and for fixed x G the function t — y f{x, t) is a Bernstein function 
with /(x,0) = 0. Bernstein functions are the characteristic Laplace exponents of subordinators 
(Levy processes with nondecreasing sample paths). For more on Bernstein functions we refer the 
readers to the monograph [SSV12]. Now, since q{^) > 0 for all ^ G M'^, the function 

q { x ,0 ■= 3:,^GM'^, 

is well defined and, according to [SSV12, Theorem 5.2] and [Sat99, Theorem 30.1], ^ i—>■ q{x,^) is 
a continuous and negative definite function satisfying conditions (C2) and (C3). Hence, q{x,^) is 
possibly the symbol of some Levy-type process. Of special interest is the case when f{x, t) = 
where a : i — y [0,1], that is, q{x,^) describes variable order subordination. For sufficient 

conditions on the symbol q{^) and function a{x) such that q{x, ^) is the symbol of some Levy-type 
process see [EJ07] and [HohOO] and the references therein. Now, assume that a{x) = inf^^gjgd a{x) < 
suPa;g]Rd a{x) = a{x), for some x,x G Then, since the symbol q{^) is continuous and q{0) = 0, 
there exists r > 0 small enough such that q{^) < 1 for all < r. In particular, 

ga(x)(^) ^ = inf g(x,0 < sup g(x,0 = sup 1^1 < r. 

xeR'' xeR"^ 3;g]Rd 

Let us remark that when g(^) is the symbol of a standard Brownian motion, then by variable order 
subordination we get a stable-like process. 


Acknowledgement 

This work has been supported in part by the Croatian Science Foundation under Project 3526, 
NEWFELPRO Programme under Project 31 and Dresden Fellowship Programme. The author 
would like to thank the anonymous reviewer for careful reading of the paper and for helpful com¬ 
ments that led to improvement of the presentation. 


References 

[Bas88] R. F. Bass. Uniqueness in law for pure jump Markov processes. Probah. Theory Related 
Fields, 79(2):271~287, 1988. 

[BC86] R. F. Bass and M. Cranston. The Malliavin calculus for pure jump processes and appli¬ 
cations to local time. Ann. Probab., 14(2):490-532, 1986. 

[BGT87] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation. Cambridge University 
Press, Cambridge, 1987. 

[Botll] B. Bottcher. An overshoot approach to recurrence and transience of Markov processes. 
Stochastic Process. AppL, 121(9):1962-1981, 2011. 

[BSW13] B. Bottcher, R. L. Schilling, and J. Wang. Levy matters. III. Springer, Cham, 2013. 

[Cou66] Ph. Courr^e. Sur la forme integro-differentielle des operateurs de dans C satisfaisant 
au principe du maximum. Sem. Theorie du Potentiel, expose 2:38 pp., 1965-1966. 


22 


[EJ07] K. P. Evans and N. Jacob. Eeller semigroups obtained by variable order subordination. 
Rev. Mat. Complut., 20(2):293-307, 2007. 

[EraOO] B. Franke. The scaling limit behaviour of periodic stable-like processes. Bernoulli^ 
12(3):551-570, 2006. 

[Era07] B. Franke. Correction to: “The scaling limit behaviour of periodic stable-like processes” 
[Bernoulli 12 (2006), no. 3, 551-570]. Bernoulli, 13(2):600, 2007. 

[HohOO] W. Hoh. Pseudo differential operators with negative definite symbols of variable order. 
Rev. Mat. Iberoamericana, 16(2):219-241, 2000. 

[IshOl] Y. Ishikawa. Density estimate in small time for jump processes with singular Levy mea¬ 
sures. Tohoku Math. J. (2), 53(2):183-202, 2001. 

[JacOl] N. Jacob. Pseudo differential operators and Markov processes. Vol. I. Imperial College 
Press, London, 2001. 

[Jac05] N. Jacob. Pseudo differential operators and Markov processes. Vol. III. Imperial College 
Press, London, 2005. 

[KC99] Y. Kwon and Lee C. Strong Feller property and irreducibility of diffusions with jumps. 
Stochastics, 67(1-2):147~157, 1999. 

[KM14] V. P. Knopova and Kulik A. M. The parametrix method and the weak solution to an 
SDE driven by an a-stable noise. Preprint. Available on arXiv: 1412.1732, 2014. 

[KolOO] V. N. Kolokoltsov. Symmetric stable laws and stable-like jump-diffusions. Proc. Land. 
Math. Soc. (3), 80(3);725-768, 2000. 

[KS12] V. P. Knopova and R. L. Schilling. Transition density estimates for a class of Levy and 
Levy-type processes. J. Theoret. Probah., 25(1):144-170, 2012. 

[KS13] V. P. Knopova and R. L. Schilling. A note on the existence of transition probability 
densities of Levy processes. Forum Math., 25(1):125-149, 2013. 

[Kul07] A. M. Kulik. Stochastic calculus of variations for general Levy processes and its appli¬ 
cations to jump-type SDKs with non-degenerated drift. Preprint. Available on arXiv: 
0606427, 2007. 

[Pic96] J. Picard. On the existence of smooth densities for jump processes. Probab. Theory 
Related Fields, 105(4):481-511, 1996. 

[PiclO] J. Picard. Erratum to: On the existence of smooth densities for jump processes. Probab. 
Theory Related Fields, 147(3-4):711-713, 2010. 

[PS15] G. Pang and N. Sandric. Ergodicity and fluctuations of a fluid particle driven by diffusions 
with jumps. To appear in: Commun. Math. Sci. Available on arXiv: 1502.04440, 2015. 

[RWOO] L. C. G. Rogers and D. Williams. Diffusions, Markov processes, and martingales. Vol. 
1. Cambridge University Press, Cambridge, 2000. 

[Sanl3] N. Sandric. Long-time behavior of stable-like processes. Stochastic Process. AppL, 
123(4):1276-1300, 2013. 


23 


[Sanl4a] N. Sandric. Long-time behavior for a class of Feller processes. To appear in: Trans. Am. 
Math. Soc. Available on arXiv: 1401.2646, 2014. 

[Sanl4b] N. Sandric. Recurrence and transience criteria for two cases of stable-like Markov chains. 
,J. Theoret. Prohab., 27(3):754-788, 2014. 

[Sanl5] N. Sandric. On transience of Levy-type processes. Preprint, 2015. 

[Sat99] K. Sato. Levy proeesses and infinitely divisible distributions. Cambridge University Press, 
Cambridge, 1999. 

[Sch98a] R. L. Schilling. Conservativeness and extensions of feller semigroups. Positivity, 2:239- 
256, 1998. 

[Sch98b] R. L. Schilling. Growth and Holder conditions for the sample paths of Feller processes. 
Probab. Theory Related Fields, 112(4):565-611, 1998. 

[She91] S.-J. Sheu. Some estimates of the transition density of a nondegenerate diffusion Markov 

process. Ann. Probab., 19(2):538-561, 1991. 

[SSV12] R. L. Schilling, R. Song, and Z. Vondracek. Bernstein functions. Walter de Gruyter & 
Co., Berlin, second edition, 2012. 

[ST97] O. Stramer and R. L. Tweedie. Existence and stability of weak solutions to stochastic 
differential equations with non-smooth coefficients. Statist. Sinica, 7(3):577-593, 1997. 

[SW13] R. L. Schilling and J. Wang. Some theorems on Feller processes: transience, local times 
and ultracontractivity. Trans. Amer. Math. Soe., 365(6):3255-3286, 2013. 

[Twe94] R. L. Tweedie. Topological conditions enabling use of Harris methods in discrete and 
continuous time. Aeta Appl. Math., 34(1-2):175-188, 1994. 


24 


